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Abstract. Predicate detection is an important problem in distributedsystems. Predicate detection suffers from state

explosion since the number of possible global states is exponential in the number of processes. Computation slicing

is an important abstraction technique used to solve the predicate detection problem. The key observation in this

paper is that an equivalence relation on the global state lattices for the distributed program can be translated to a

corresponding equivalence relation on the respective posets. Thus detecting a predicate on a smaller poset is enough

to make sure that it is satisfied by a larger equivalent poset.This reduces the complexity of using the slicing based

approach as the size of the poset is smaller. We show the use ofstuttering bisimulation as an effective abstraction

technique for reasoning about conjunctive predicates.

1 Introduction

Given a distributed system, we are often interested in checking whether the system satisfies certain prop-

erties. A distributed computation represents one possiblerun of the distributed system. Given a distributed

computation, detecting whether a predicate holds true for the computation can be achieved by model check-

ing the global state space of the computation. However, thisapproach faces combinatorial explosion in the

number of states, since the number of global states is exponential in the number of processes.

There are various techniques prevalent to reduce the size ofthe global state space. Symbolic model

checking using BDDs, [McMill ’92], predicate abstraction,[GrSa ’97] symmetry reductions, [ES ’96], and

counter example guided abstraction refinement, [Clarke et al. ’00], are common techniques that have been

used to reduce the size of the state space in the traditional model checking domain.

Loosely coupled distributed systems with message passing have the nice property that the set of global

states forms a distributive lattice with the happened before relation. Abstractions on the lattice of global

states have been effectively used to reduce the size of the state space, [ChGa ’04]. The biggest disadvantage



of such abstraction techniques lies in the construction of the global state graph, which can be exponentially

large.

Computation slicing is an important abstraction techniqueused to solve the predicate detection problem

for distributed systems, [MG ’01], [SeGa ’03]. A computation slicedefined with respect to a global predicate

is the computation with the least number of global states that contains all the global states of the original

computation for which the predicate evaluates to true. Slicing throws away global states which are not

relevant to the predicate being detected. Thus a much more efficient search of the state space can be achieved

by slicing the computation. The biggest advantage of the slicing based approach is that it directly works off

the partially ordered set of events, and does not require theconstruction of a global state graph.

In this paper we show how we can use equivalence relations on the lattice of global states to perform

abstraction. Moreover we show that for certain classes of predicates, a grouping of global states into equiv-

alence classes results in the grouping of corresponding local states into equivalence classes under some

relation. Since the predicates we consider cannot be distinguished by equivalent lattices, they also cannot be

distinguished by corresponding equivalent posets, by our previous claim. Thus verification of a predicate on

a larger poset can be reduced to checking the predicate over asmaller reduced poset. We can then apply the

slicing technique to this smaller reduced poset, and thus perform the verification without needing to build

the global state graph.

We assume that the system properties (predicates) are expressed in a restricted version of the branching

time logic,CTL∗ without the next time operatorX, denoted asCTL∗

−X . Next-time operator is not pre-

served by grouping consecutive sets of states, and hence we focus on the remaining portion of the temporal

logic. Many interesting properties such assafety, livenessandfairnesscan be expressed in this logic.

The remainder of the paper is organized as follows. In Section 2 we briefly present the computation

model to represent distributed programs. We present the idea for obtaining equivalence relations on posets

in Section 3. We show how we can use abstractions on lattices to perform a corresponding abstraction on

the respective poset in Section 4. We have a look at some of therelated work in Section 5. Finally, some

concluding remarks and future directions of work are provided in Section 6.
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2 Preliminaries

In this section we introduce the computation model to be used. We also provide an overview of the class of

predicates we consider for verification.

We use a computation model similar to the one presented in [SeGa ’03]. We assume a loosely-coupled

message-passing asynchronous system without any shared memory or a global clock. We assume that the

distributed system is comprised ofn processesP1, . . . Pn which can each either execute aninternal event,

or senda message orreceivea message. We do not make any assumptions about FIFO orderingof messages

in the channel.

The distributed system is modeled as a partially ordered setof events,G = 〈E,→〉, where→ denotes

the happened beforerelation.G is a directed graph with vertices as eventsei ∈ E and edges as→. Two

eventse andf are termed concurrent inG, denoted (e ‖ f ) if ¬(e→ f) ∧ ¬(f → e).

We define aconsistent cut(global state) on directed graphs as a subsetJ ⊆ E such thatei ∈ J ∧ ei →

ej ⇒ ei ∈ J . A consistent cut captures the notion of a reachable global state. The set of all consistent cuts

for a distributed computation,C(E), forms a latticeL = (C(E),⊆). The join operator,⊔, is the set union

and themeetoperator,⊓, corresponds to set intersection. The set of maximal eventswith respect to→ of

a consistent cutJ are denoted byfrontier(J). We denote theinitial cut of the computation byφ and the

final cut byε.

A global predicateϕ is a boolean-valued function defined on the set of consistentglobal states. We say

that s � ϕ or ϕ(s) if the function evaluates to true for the global states. A local predicate is a boolean-

valued function defined on the set of all states local to a process. A conjunctive predicate has the form

ϕ = l1 ∧ l2 ∧ . . . ln, where each of theli is a local predicate. A conjunctive predicate is the specialcase

of a regular predicate, which has the property that ifϕ(s) ∧ ϕ(t) is true then,ϕ(s ⊓ t) andϕ(s ⊔ t) also

hold true. Here⊓ and⊔ denote themeetandjoin operators respectively. A regular predicate has the special

property that the set of all global states satisfying the predicate form asublatticeof the global state lattice.

In this paper we focus chiefly on conjunctive predicates. We can also reason about certain regular pred-

icates, however no obvious solution seems possible for the application of our technique to relational pred-
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icates. A relational predicate is of the forma1 ∗ x1 + a2 ∗ x2 + . . . an ∗ xn > c, where eachxi is a local

variable of each process anda1, . . . an andc are constants.1

3 Abstraction techniques

In this section we present the abstraction technique to reduce the size of the global state graph. Firstly, we

introduce some terminology.

3.1 Equivalence relations on graphs

We model the partially ordered set of events as a directed acyclic graphG(V,E). We define a labeling

functionLposet : V → 2AP whereAP is the set of atomic propositions. Thus each event (state) inthe poset

is associated with a set oflocal predicates that are true for that event (state).

As seen in Section 2, a predicate is a functionP : AP → 0, 1. Let Pred denote the set of all such

predicates. We treat the latticeL of global states as a Kripke structure(S,R,Llat, s0), where:

– S is the set of global states,

– Llat is a labeling functionLlat : S → 2Pred,

– s0 is the initial state, corresponding to the minimum cut (inf of the lattice).

.

Given two Kripke structures, we can define various homomorphism relations between them. We apply

the definitions of bisimulation and stuttering bisimulation in [EJP ’97] to directed acyclic graphs represent-

ing partially ordered set of events. We can similarly define simulation and stuttering simulation relations on

such graphs.

A pathπ in a graph is a sequence of vertices of the graph of the form〈v0, . . . , vn−1〉. Since the graphs

we consider are finite graphs, we consider only finite paths. We also assume that a graphG has a unique

starting node calledrootG.

Consider two graphsG(V,E) andG′(V ′, E′). A relationB : V → V ′ is called a bisimulation relation

iff the following conditions hold:

1 Relational predicates are regular only if certain monotonicity condition is imposed on the variablesxi.
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– (rootG, rootG′) ∈ B

– Assume that(v, v′) ∈ B. Then the following conditions hold:

• L(v) = L(v′)

• If (v,w) ∈ E, L(v) = L(v′), there existsw′ ∈ V ′ such that(w,w′) ∈ E′.

• A symmetric condition holds true with the roles ofv andv′ reversed.

If the last condition is relaxed, then the relation is calleda simulationrelation. In this case, we say that

the graphG′ simulates the graphG. A bisimulation imposes an exact path correspondence and hence is an

exact abstraction technique. An abstraction obtained by a simulation relation is a conservative abstraction.

This means that if there is no path satisfying a particular predicate in the abstract structure, then there exists

no such path in the concrete structure. However existence ofsuch a path in the abstract structure, does not

imply its existence in the concrete structure.

Another exact abstraction function can be obtained by considering paths which are equivalent up to the

stuttering states. We define a stuttering path correspondence as follows:

Consider a relationBst ⊆ V × V ′. Two pathsπ = 〈v0, . . . vm〉 andπ′ = 〈w0, . . . wn are stutteringBst-

equivalent, iff there exists finite sequences of natural numbersq = i1 < . . . < in andq′ = k1 < . . . < km

such that for allj ≥ 0 the following condition holds:ij < r < ij+1 andkj < p < kj+1, (sr, tp) ∈ Bst

Consider two graphsG(V,E) andG(V ′, E′). We say that a relationBst ∈ V ×V ′ is astuttering bisimulation

iff:

– (rootG, rootG′) ∈ Bst

– If (v, v′) ∈ Bst, L(v) = L(v′) and for every pathπ starting fromv in G, there exists a stuttering

Bst-equivalent path starting fromv′ in G′.

– Bst is symmetric.

If the last condition is relaxed the relation is termed as astuttering simulation.

3.2 Abstraction technique

A key technique used in model checking to ameliorate state explosion is to abstract the state space by

imposing an equivalence relation on the states. An equivalence relation groups certain states into an equiv-

alence class. Under such an equivalence relation (or a homomorphism)ρ, we compute a quotient structure
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or an abstract structureH\ρ by mapping all equivalent states to a single abstract state.We employ a similar

technique by introducing equivalences on lattices.

Consider the lattice,L of consistent cuts of a distributed computation,P . We can obtain an infinite

family of latticesF which has the property that for each latticeK ∈ F , (K,L) ∈ Bst. HereBst is a stuttering

bisimulation relation. Given such a family of lattices there exists a smallest lattice stuttering bisimilar to all

lattices in the family. Such a lattice can be obtained by grouping stuttering bisimilar states. This is similar

to quotient construction technique in model checking. We term the smallest such lattice as thecut-off lattice

Lc. This is similar to the coarsest bisimulation constructiontechnique.

Remark: The smallest structure obtained by abstracting a lattice based on the labels of the states in the lattice

may not be a lattice. Hence we consider only the smallestlattice equivalent to the (concrete) global state

lattice.

It can be shown thatCTL∗

−X properties are preserved by a stuttering bisimulation, [BCG ’88]. Thus the

predicate detection problem can be reduced to checking the predicate over the smaller global state space as

represented by the cut-off lattice.

4 Reduction of Posets

In this section we show how we can use reductions on the globalstate space graph to perform a correspond-

ing reduction on the poset. The reduction technique is illustrated with an example.

Theorem 1. Given two stuttering bisimilar partially ordered sets representing distributed computations,

the global state lattices, (with the set of predicates limited to conjunctive predicates), corresponding to the

posets are stuttering bisimilar and vice versa.

Proof. The proof follows an inductive argument on the definition of astuttering bisimulation. A conjunctive

predicate is of the formϕ = l1 ∧ l2 . . . ∧ ln. Two global states are stuttering equivalent if they are labeled

with the same predicate. For a conjunctive predicate, we know that,

ϕ⇒ l1, . . . , ϕ⇒ ln (1)
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We consider two global state latticesL andL′. Let the respective posets beP andP ′. We assume that

each state of the lattices is labelled with a conjunctive predicate. If local states on processi is part of the

global stateK, ands′ on processi is part of the global stateK ′, andK,K ′ are stuttering bisimilar, then:

– From (1), we know thatϕ(K) ⇒ li(s) and ϕ(K ′) ⇒ li(s
′). Thus if Llat(K) = Llat(K

′), then

Lposet(s) = Lposet(s
′).

– Suppose global statesK andK ′ are stuttering bisimilar. Thus for every path fromK in L, there exists a

stuttering equivalent path fromK ′ in L′. Consider the local state on processi for global stateK to bes.

When the global stateK is advanced to the next global state, then it gets advanced either along process

i or the next global state also containss.

In the first case, if the next global state is stuttering equivalent toK, then the value of the local predicate

should remain unchanged at the next local state along process i (since it is a conjunctive predicate). If the

next global state does not have the same label asK (not stutt. eq.), then it can be either due to the local

predicate at processi (in which case the local state will get a different label) or due to local predicate at

some other process. In the latter case the local predicate onprocessi can remain the same.

In the second case, the local state is trivially equivalent in both the posets as it is the same state. Thus,

if there exists a stuttering path correspondence in the global state lattices, there exists a stuttering path

correspondence in the posets.

Thus, by the definition of stuttering bisimulation, since every state inP is stuttering bisimilar to some state

in P ′, P andP ′ are stuttering bisimilar.

�

Thus, given a poset, we can reduce it to a smaller poset which is stuttering bisimilar to it. It can be

shown that a stuttering bisimulation preservesCTL∗

−X properties. Thus in order to detect such a property, it

is sufficient to check it on such a reduced poset of a smaller size. This considerably reduces the complexity

of the slicing algorithm, as the number of events in the posetis considerably reduced.

We illustrate our technique with the help of an example:

Example

The abstraction technique is shown in Figure 1. We are given aposetP with each event labeled with a
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set of atomic propositions, as shown in Figure 1 (a). We compute the global state lattice. In this exam-

ple, we consider four conjunctive predicatesp, q, r, t. A predicate we might be interested in checking over

the global state space could be of the formEFt or EF EGq. It can be clearly seen that checking these

predicates over the lattice shown in Fig.reduction(b) is equivalent to checking the predicates over lattice

shown in Fig.reduction(d). Also, the lattice in Fig.reduction(d) corresponds to the reduced poset as shown

in Fig.reduction(c).

4.1 Other regular predicates

Some channel predicates or a predicate of the type ,“There is no token message in transit” can be checked

using our technique. This is possible as there is a stuttering of the global states that can also be observed

locally in the distributed computation. For example for theno token in transitpredicate, we can group all

consecutive states (possibly on different processes) which have thetoken. Relational predicates are tougher

to handle, since a relational predicateψ on a set of local variablesx1 . . . xn, cannot be broken down into

predicates that are locally true. For reasoning about relational predicates, we can use a conservative abstrac-

tion. A relational predicate can be regular only if there is acertain monotonicity constraint on the local

variables. We can group local variables together if their values do not differ by some heuristic number. For

instance if the predicate we are interested in detecting isx1 −x2 > 0, then we can decompose this predicate

into local predicatesx1 > λ, λ > δ, δ > x2, whereλ andδ are heuristically chosen for every group of

states. However this is a conservative abstraction.

5 Related work

There are several techniques that can be used to reason aboutsets of partial order traces. The theory of Petri

Nets offers a rich formalism to reason about the correctnessof a distributed system. However many problems

in Petri Net theory are undecidable in general. Using automata to check properties of partial order traces has

also been studied. Mazurkiewicz trace theory is another rich formalism that is used to model concurrent

systems. By using a notion of independence of actions, equivalence relations on traces can be expressed in

this theory [Leu ’02]. An automata theoretic approach can bethen used to check whether a particular trace is
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a member of a trace language. Checking non emptiness of Linear Büchi Alternating automata can however

face an exponential blow-up in the size of the automaton.

In [ChGa ’04] global state space reduction is performed using lattice homomorphisms. A lattice homo-

morphism is a join and meet preserving function between two lattices. A congruence on a set of states is a

join and meet preserving equivalence relation. A lattice homomorphismf , induces a congruence relation on

the set of states, in which congruent states are grouped together and all such statess get mapped to the state

f(s). The authors explain how events on a single process can be combined together to obtain to obtain a

reduced state graph. The function used for combining eventslocally on a process is a lattice homomorphism,

and efficient techniques for computing optimal congruence are provided. Our method differs from the work

in this paper in two aspects. Firstly, our abstraction may not be in general a lattice homomorphism. How-

ever, in order to obtain a reduction of the corresponding poset, we consider only abstract structures which

are lattices. Furthermore, with our technique we can combine events on arbitrary processes as long as there

is a stuttering path correspondence. Finally, our method can work directly off the poset, and does not require

the construction of the global state graph.

6 Conclusions and future work

We present an abstraction technique for predicate detection in a distributed system. Predicate detection in a

distributed computation, modeled as a poset, can be performed using slicing techniques. However in order to

reduce the complexity of the slicing technique, we can reduce the size of the poset by a suitable abstraction.

If the global state lattices for two distributed computations are stuttering bisimilar, we can show that the two

corresponding partially ordered sets a also exhibit a stuttering bisimulation equivalence. We consider the set

of conjunctive predicates, though our technique can be applied to few other regular predicates.

One main assumption for a slicing based approach is that we are given a single poset representing a

single run of the distributed system. Thus slicing works well for run-time checking of predicates for a

distributed system. However in order to prove a certain property of the distributed system, we should be able

to prove the property forall runs of the system. Since each run corresponds to a distributed computation

represented as a partially ordered set (poset), we need to check whether a property is satisfied by all posets

that can be generated by the distributed system. This problem is much harder as inherent non-determinism
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in message passing between processes can give rise to an exponential (or possibly unbounded) number of

posets corresponding to a distributed system (If there are no restrictions on the transit time for messages,

etc.).

In order to tackle this problem, we can extend the slicing based approach to handle a set of posets

instead of a single poset. The main idea would be to define an equivalence relation on the set of global state

lattices. The predicates we consider will have the propertythat they cannot distinguish between equivalent

structures. Furthermore such an equivalence relation would correspond to an equivalence relation on the set

of the respective posets. Given such an equivalence relation, the predicate detection problem for all posets

would reduce to checking the predicate only over all the equivalence classes.
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